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Abstract— Small signal stability of permanent magnet synchronous generator (PMSG)-based wind turbines connected to the power grid should be studied properly in order to facilitate damping strategy design. In this paper, unified small-signal models for different types of PMSGs are developed to study their small-signal stability. The models are composed of mechanical systems, electrical systems and control systems. A two-mass shaft model for the mechanical system is provided to analyze the dynamic and steady-state behaviors of the wind turbine and generator rotor. Meanwhile, PMSG, converter system and transmission line are separately modeled to build unified small-signal models for three PMSG-based wind turbine generator systems (WTGS). Then, based on unified small-signal models, eigenvalue analysis is conducted to determine the relation between different oscillation modes and state variables through calculating participation factors. With modal analysis, the developed small signal models are able to find out all types of oscillation modes for PMSGs connected to the power grid, which are subsynchronous oscillation (SSO), subsynchronous control interaction (SSCI) and low-frequency oscillation, including frequency and damping of each oscillation mode. Different initial values of the small signal models can influence both frequencies and damping ratios of oscillation modes, which lay the basis for further damping strategy study.





As a prospective renewable energy source, wind power experienced substantial growth from 2010 to 2011 with a total capacity of 238GW worldwide. In addition, more than 20% of global electricity is predicted to be supplied by wind power by 2030 [1]. Various topologies of wind turbines have been developed, including fixed speed induction generator (FSIG), doubly fed induction generator (DFIG) and permanent magnet synchronous generator (PMSG) systems [2-4]. The large-scale wind turbine generators (WTGs) connected to the power grid are raising severe concerns over oscillations, which decreases the stability of wind farms.
PMSG-based WTGs are widely adopted in offshore wind parks because of their high efficiency, low maintenance costs and high reliability [5]. For grid-connected WTGs, torsional vibrations of mechanical systems can be excited by grid faults. The vibrations may lead to shaft faults if the mechanical damping cannot compensate the negative damping of electrical systems [6]. In [7], a lumped mass model of an FSIG is developed and simulation results show that the FSIG system is excited by wind speed and gear mesh stiffness fluctuations. In [8], simulation results indicate that torsional vibrations can be potentially mitigated for DFIG with the de-coupled control of generator speed and terminal voltage. In [9], a coupled electromechanical model of a PMSG-based wind turbine is presented and it is found that proper rotor construction can effectively reduce mechanical vibrations. Above literature is concentrated on torsional vibrations of the mechanical systems of WTGs, but the influence of electrical and control systems is neglected.
Conventional classification is based on the frequency band. Traditional theories assume that power oscillation is caused by the negative damping effect of generator fast excitation system, with oscillation frequency generally between 0.2~2.5 Hz. By contrast, the interactions between wind turbines and the power grid only gain research attention in recent years, where these interactions are divided into SSCI, SSR, SSO and low-frequency oscillations [10, 11]. According to IEEE Committee Report [12-14], SSCI is called sub-synchronization control interaction, which is closely related to high-speed control of power electronic system and series compensation capacitor, i.e. the electrical resonance frequency. Normally, it appears under situations with lower series compensated degrees [15, 16]. SSR is caused by a series of capacitors in the grid, while SSO is a type of stability problems of high-speed electronic switch control systems, mainly caused by the positive feedback from the improper unexpected phase relationship. SSR and SSO affect the shaft mechanical system, with their frequencies close to the free frequencies of the shaft system [17-20]. Low-frequency oscillation in PMSG generation system is considered to be caused by the negative damping effect of flux linkage of rotor windings [21, 22].
Eigenvalue analysis on small-signal models of WTGs is an effective way to analyze all the mentioned oscillation modes. The relative participation of system components in oscillation modes is measured by participation factors [23]. The sensitivity analysis on eigenvalues can also facilitate parameter design for WTGS. Because of the distinct advantages, a significant bunch of research has been focused on small-signal stability analysis of FSIGs and DFIGs. In [24], based on the small-signal model of an FSIG, a frequency response approach is used to evaluate the sensitivity of system modes in response to system parameters. In [25], a complete dynamic equation of an FSIG system is derived and the relation between its dynamic modes and state variables are studied through eigenvalues analysis. In [26], a DFIG system is formulated as a multivariable feedback system and a new performance robustness criterion for performance evaluation is provided. In [27], a tuned damping controller is designed and its impact on different operating conditions of a DFIG-based generator system is investigated. However, limited research exists on the small-signal modeling and analysis of PMSG-based WTGS. Although the small-signal stability of PMSG-based WTGS is assessed in [28, 29], they do not consider the interactions between WTG mechanical system, electrical and control systems. Small signal stability is also analyzed in [30-32] but they either modeled drive train as a one-mass mechanical subsystem or only considered one operating point. In addition, in aforementioned work, not all existing oscillation modes for WTGs connected to the power grid are classified and analyzed in details.
This paper focuses on studying the oscillation modes of direct-driven PMSGs connected to the power grid by developing small-signal models of PMSG-based WTGS with different converter topologies. The mechanical system of a PMSG-based WTGS, including wind turbine blade, low-speed shaft, and generator rotor, is lumped into a two-mass shaft model.  Small signal models are then developed for three types of converters, PMSG and transmission lines (including transformer). In this way, the PMSG-based WTGS are modeled with several independent modules. Finally, eigenvalue analysis is conducted to study the oscillation modes of different types of PMSGs connected to the power grid. The results obtained from eigenvalue analysis based on the unified small-signal models are also demonstrated through time-domain simulation.
The main contributions of this paper are: 1) determining all oscillation modes for PMSG-based WTGS connected to power grid, including oscillation frequency and damping ratio of each mode; 2) categorizing all oscillation modes into different categories and conducting participation factor analysis to find the relative participation of system variables in each oscillation mode; 3) evaluating the influence of various initial operating states on the oscillation frequencies and damping ratios of all oscillation modes.
The remaining parts of this paper are organized as follows: Section 2 presents the topologies of different types of PMSGs. The small-signal models of a wind turbine, PMSG and transmission line are developed in Section 3. In Section 4, the small signal models of the three types of converters are deduced in detail. Unified small signal models are established for PMSGs in Section 5. In Section 6, modal analysis is conducted to find all oscillation modes and the influence of initial values on the oscillation modes is also studied for the three types of PMSGs. Conclusions are drawn in Section 7.
2.	Background theory
2.1	Small signal stability
The behavior of power system can be described by the following vector-matrix equation: , where  represents state variables and  represents input variables. At a steady state operation point, it can be written as: . Subscript ‘point’ represents steady state operation point. Then it can be Taylor expanded and then linearized to: , where , , , .
The eigenvalues of the state matrix A reveal the time domain response of the system to small disturbances, showing information about the small signal stability characteristics. For a complex conjugate pair of eigenvalues , the frequency of the oscillation is  and the damping ratio is . For a real eigenvalue, the corresponding time domain response does not change periodicity.
Identifying the association between the kth state variable and the ith oscillation mode, an element  called the participation factor is proposed, where ,  are the kth entry of the left and right eigenvectors of the ith oscillation mode  [33].
2.2	Topologies of different types of PMSGs
Two types of power converter techniques are usually adopted for PMSGs: back-to-back PWM converter system and DC boost converter system. In the PMSG-based WTGS with back-to-back PWM full rate converter, decoupled d-q vector control and power signal feedback control are the two commercial control schemes we place attention on for generator side rectifier (GSR) control. There are many other control schemes which are mainly studied in theory without large-scale commercial application or cannot be modeled with perfect precision from wind turbine makers. Those types’ models are not provided due to study limitation [34-37]. Given the high electricity losses of power electronics and the low efficiency of a back-to-back system, the DC boost converter topology is also widely used [38]. In this section, the two types of power converter techniques are discussed in detail.
2.2.1	PMSG with back-to-back PWM converter system





(a)	GSR with decoupled d-q vector control scheme                                                      

(b) GSR with power signal feedback control scheme








In Fig.1 (a), the GSR is controlled through a decoupled d-q vector control approach. The d-axis current    is  controlled  to  be  zero  to limit the output reactive power of the generator. The q-axis current    is  controlled  to  track the electrical torque of  the  generator to obtain the maximum active power. The voltage source inverter (VSI) is controlled to maintain the dc-link voltage a constant and achieve zero reactive power. 
2	  Power Signal Feedback  Control System
Fig.1 (b) is almost the same with Fig.1 (a). The difference between the two control schemes is that an MPPT control is implemented on the GSR. For each turbine rotating speed , there exists a corresponding maximum power point, as the  curve shown in Fig.1 (b). The q-axis reference current  is obtained from  through a PI controller. 
2.2.2	PMSG with a DC boost converter system









3.	Model of grid-connected PMSGs
As seen in Fig.1 and Fig.2, the PMSG system has four parts: a wind turbine, a PMSG, a converter system and a transmission line. The PMSG is directly driven by a wind turbine and the output power is delivered to the grid through a converter system and transmission line (including the transformer and cable). Except for converter systems, other parts of the three types of PMSGs are the same. The small signal models of identical parts (wind turbine, PMSG and transmission line) are developed in this section.
3.1	Wind Turbine Model

(a) Drive chain                                 (b) Simplified model
Fig. 3. The two-mass Shaft model of a PMSG wind turbine
For a direct-driven PMSG-based wind turbine, the mechanical system is composed of a wind turbine blade, a low-speed shaft, and a generator rotor. As for WTGS, rotating shaft systems can be divided into masses to describe the physical characteristics of the real system and accurate results can be obtained by increasing the number of masses and freedom degrees [40-42]. In [43], the transient stability of a WTGS connected to the power systems is analyzed using a six-mass, a three-mass, and a two-mass drive-train model respectively. It has been shown that two-mass shaft model is sufficient, with reasonable accuracy, for the transient stability analysis. In [44], the dynamic performance of wind turbines is assessed. The paper concluded that a three-mass model taking shaft and blade flexibilities into account could be reduced to an effective two-mass model. A two-mass model for the mechanical block of PMSG is thus adopted, shown in Fig.3. In Fig.3 (b), the first lumped mass represents heavy and big blades, and the second lumped mass represents the low-speed shaft and the rotor of the PMSG. The nomenclature of variables in Fig.3 is as follows: i) is the aerodynamic torque from the wind turbine; ii) is the electromechanical torque from the generator; iii)and  are the moments of inertia of blades and generator rotor respectively; iv)  and are the damping of blades and generator rotor respectively; v)andare stiffness and damping coefficient between blades and generator rotor respectively.
Based on Hooke’s law and Newton’s second law, the two-mass shaft model of a PMSG wind turbine can be expressed by the following linearized equation:
                                              (1)
where  denotes a small deviation;  andare angular velocity and twist angle of the wind turbine respectively;  and are angular velocity and twist angle of the generator rotor respectively.
The small signal standard state-space equations of (1) can be obtained as follows:
                                                                                           (2)
where subscript M refers to the mechanical system. 
Other parameters in (2) are  
; ; ; 
;;;.
3.2	Model of PMSG
A PMSG is usually modeled in the dq-reference frame, where d-axis is magnetically centered in the center of the north pole [45]. The voltage equation for the PMSG is expressed as
                                                                                        (3)
where  and are the flux linkages of stator windings in the d- and q-axis respectively； and are the voltage of stator windings against the d- and q-axis respectively； and are the currents of stator windings against the d- and q-axis respectively.
The flux linkage equation can be written as:
                                                                                                (4)
where and  are the inductance of stator windings against the d- and q-axis respectively, and  are the flux linkage of rotor windings against the d- and q-axis respectively; is the amplitude of flux linkage of the rotating magnet.
The electromagnetic torque is 
                                                                                  (5)
For a non-salient pole PMSG adopted in this paper, the relationship between d- and q-axis inductance is
                                                                                                  (6)
Based on (3)-(6), the small signal standard state space equations for a PMSG with fluxes as state variables are:
                                                                               (7)
where subscript G refers to PMSG.
Other parameters in (7) are represented as follows
;; ;
;;;.
where  is the base angular velocity of the system; subscript denotes the initial values of variables in steady state.
3.3	Model of the transmission line
The transmission line is shielded cable, which is usually equipped with a series compensation capacitor to improve the power transfer capacity. For the convenience of study, the transformer and the transmission line are modeled as an equivalent RLC (resistor, inductor, and capacitor) line. The standard state space equations are 
                                                          (8)
where subscript RLC refers to the transmission line.




where,and are resistance and reactance of the transformer respectively; and are resistance and reactance of the cable respectively;  is the reactance of the series compensation capacitor.  and  denote a small deviation of the current of the inductor and the voltage of the series compensation capacitor respectively.  and  are the entrance voltage of the transmission line against the x- and y-axis respectively.  and  are the outlet voltage of the transmission line against the x- and y-axis respectively.
4.	Small-signal Model of Converter Systems
4.1	Model of the GSR with decoupled d-q vector control
The schematic diagram of the GSR is shown in Fig.1 (a) and the equations of the controller are shown in (9).
                                                                   (9)
where, x1 and x2 are intermediate state variables. 
According to equation (9), the standard state space equations after linearising are
                                                                             (10)
where subscript GSR refers to the generator side rectifier.
Other parameters in (10) are represented as follows
; ; ;;
;; .
4.2	Model of the GSR with power signal feedback control
The schematic diagram of the GSR is shown in Fig.1 (b) and the equations of the controller are shown in (11).
                                                              (11)
where, x1, x2 and x3 are intermediate state variables. 
After linearising equation (11), the small signal model can be expressed as
                                                                          (12)
where subscript GSR refers to the generator side rectifier.
Other parameters in (12) are represented as follows
;;;
;;;.
4.3	Model of the DC/DC chopper

Fig. 4. Input-stage small-signal equivalent circuit of a DC/DC chopper
The small-signal model of the boost-up DC/DC chopper is designed based on the equivalent small-signal circuit in [46], shown in Fig.4. is the small deviation of duty ratio and the model can be expressed as:
                                                                        (13)
where is the output line-to-line voltage of the generator.
, and can be obtained from (14).
                                                           (14)
where  and  are the steady-state voltage of  and  respectively;is the steady-state duty ratio;  is the switching period;  is the rated output power;  [46].
The control scheme of DC/DC chopper is shown in Fig.2. By linearising the control scheme, the standard state space of the DC chopper with and as intermediate variables is
                                                                        (15)
where subscript S refers to DC/DC chopper.





4.4	Model of the DC-link
The power balance equation of the DC-link is expressed as 
                                                            (16)
The dynamic small-signal model of the DC-link can be deduced by linearising (16), shown as 
                                                                        (17)
where, subscript dc refers to the DC-link.
Other parameters in (17) are represented as follows
;;
; ;;.
4.5	Model of the voltage source inverter
The control schemes of the VSI in Fig.1 and Fig.2 are the same. Through linearising the control scheme, the standard state-space equations are
                                                              (18)
where subscript VSI refers to the voltage source inverter.




5.	Unified Small-signal Models of PMSGs
To simplify the research, back-to-back PWM based PMSG with decoupled d-q vector controlled GSR is defined as PMSG-I, with power signal feedback controlled GSR defined as PMSG-II. DC boost based PMSG is then defined as PMSG-III. In this section, the small signal models of the three PMSGs are developed, which are integrated with several modules, i.e. two-mass shaft system, PMSG, converter and transmission lines.
5.1	Unified small-signal model of PMSG-I
Based on the small-signal models of each component, the block diagram of a small-signal model of PMSG-I is illustrated in Fig.5, showing the small signal stability for PMSG-I system.

Fig. 5. Block diagram of small-signal model of PMSG-I
In Fig.5,  and are the input aerodynamic torque and damping torque of the two-mass model respectively. The output is the generator rotor speed , which is also the input of PMSG. Expect for , another output of PMSG is stator current . The input of GSR includes three parts: d-axis reference current ,  and . The output of GSR is the generator voltage , also the input of PMSG. As for the VSI, the input consists of transmission line current , the reference voltage of DC-link , reference reactive power , and DC-link voltage . The output of VSI is the grid-side voltage . To achieve power balance of the DC-link, the input of DC-link is , ,  and , and the output is . For the integrated model of the transmission line and transformer, the input is the infinite bus voltage  and , and the output is .
Based on equations (2), (7), (8), (10), (17) and (18), the unified small signal model of PMSG-I can be obtained according to Fig.5, shown as
                                                    (19)
where, ; ;
.
Because  is irrelevant to the eigenvalues of the small signal model, it is not presented here. The unknown submatrices in  are shown in Appendix A.
5.2	Unified small-signal model of PMSG-II
Similar to PMSG-I, the block diagram of a small-signal model of PMSG-II is illustrated in Fig.6.

Fig. 6. Block diagram of small-signal model of PMSG-II
In Fig.6, only the control of GSR is different from that of Fig.5. For PMSG-II, one input of GSR is  to track the maximum power point. Based on equations (2), (7), (8), (12), (17) and (18), the unified small signal model of PMSG-II can be obtained according to Fig.6, shown as
                                                       (20)
where, ;;
.
The unknown submatrices in  are shown in Appendix B.
5.3	Unified small-signal model of PMSG-III
PMSG-III is different from the other two types of PMSGs in that the GSR is replaced with a diode rectifier and a boost-up DC/DC chopper. The block diagram of a small-signal model of PMSG-III is illustrated in Fig.7.

Fig. 7. Block diagram of small-signal model of PMSG-III
In Fig.7, reference generator power  and  are the two inputs of the DC/DC chopper. The other parts are connected similarly to PMSG-I and PMSG-II. Based on equations (2), (7), (8), (15), (17) and (18), the unified small signal model of PMSG-III can be obtained according to Fig.7, shown as
                                              (21)
where, ; ;
.
The unknown submatrices in  are shown in Appendix C.
6.	Demonstration Examples
Based on the small signal models developed in Section V, 2-MW, 690-V PMSG-based wind turbines are studied in this section. The rated frequency of the power grid is 50 Hz and other parameters are presented in the Appendix D. The eigenvalues of three types of PMSGs are calculated from their system state matrix,  and   respectively in the Matlab. 
The process of classifying the different oscillation modes are summarized into 4 steps:
Step 1: calculate all the oscillation modes based on the unified small signal model for the wind power generation system.
Step 2: calculate the participation factors between one selected oscillation mode and all state variables.
Step 3: find out the sensitive state variables for the selected oscillation mode.
Step 4: correctly classify the selected oscillation mode into SSCI, SSR, SSO or low-frequency oscillation according to the sensitive state variables, shown in Table 1.
Table 1
Sensitive state variables for SSCI, SSR, SSO or low-frequency oscillation
Oscillation modes	Classification rules	Sensitive state variables	Frequency band
SSCI	High-speed control of power electronic system and series compensation capacitor	x1/x2/x3/x4/ x5/x6 and //	Random
SSR	Series capacitor and the shafting mechanical system	/ and 	Near to the natural frequency of the shaft
SSO	High-speed electronic switch system and the shafting mechanical system	 and some other variables in turbine	Near to the natural frequency of the shaft
low-frequency oscillation	Generator rotor windings, or field windings	/ dominates with some other variables	0.2~2.5 Hz
6.1	Modal analysis of PMSG-I
6.1.1 Eigenvalues of PMSG-I
The eigenvalues of PMSG-I are obtained from , shown in Table 2. As seen, there are five oscillation modes and the system is stable after small disturbance because all eigenvalues have negative real parts. 
Table 2
Eigenvalues of state matrix 













In Table 3，the participation factors which measure the relation between the oscillation modes and state variables are presented. Here,  are the small deviations of  in x- and y-axis;  are the small deviations of the voltage at series compensation capacitor in x- and y-axis;  are the intermediate variables of the PI controllers. The participation factors in bold mean that the oscillation modes are highly sensitive to the corresponding state variables. The oscillation modes can be categorized into three types: SSCI, SSO, and low-frequency oscillation.
Table 3




















The oscillation frequency of  is 71.454Hz, which is dominated by the x- and y-axis component of the inductor current of the transmission line (participation factor 0.6899 and 0.7324 respectively). The x- and y-axis component of the voltage of the series compensation capacitor also has a certain impact on the mode (participation factor 0.0336 and 0.064 respectively). In addition, the DC-link voltage and immediate variable  of the control system of VSI also influence the oscillation mode (participation factor 0.0384 and 0.0278 respectively).
The oscillation frequency of  is 38.2284Hz and dominated by the x- and y-axis component of the voltage of the series compensation capacitor (participation factor 0.5092 and 0.551 respectively). The x- and y-axis components of the inductor current of the transmission line also have a certain impact on the mode (participation factor 0.0256 and 0.0786 respectively). Similar to ,  is also influenced by the DC-link voltage and immediate variable  of the control system of VSI (participation factor 0.027 and 0.0236 respectively).
The oscillation frequency of  is 7.5657Hz and dominated by DC-link voltage and immediate variable  of the control system of VSI (participation factor 0.4693 and 0.4703 respectively). The x- and y-axis component of the inductor current of the transmission line and voltage of the series compensation capacitor all influence the mode slightly (participation factor 0.0527, 0.0402, 0.0224 and 0.0257 respectively).
The three oscillation modes ,  and  are relevant to both the control system of VSI and the electrical system. Thus, they are all SSCI modes.
2	  SSO
The oscillation frequency of  is 1.8703Hz and dominated by the twist angle  and angular speed  of the generator rotor (participation factor 0.4788 and 0.4465 respectively). Twist angle  and angular speed  of the wind turbine also influence the oscillation mode (participation factor both 0.0535). The mode is also influenced by the q-axis component of the stator flux linkage  (participation factor 0.0323). Thus  is mainly the oscillation mode of the shaft system.
3	  Low-Frequency Oscillation
The oscillation frequency of  is 0.1349Hz and dominated by the d-axis component of the stator flux linkage and immediate variable  of the control system of VSI (participation factor both 0.5122). The participation factors of other state variables in this mode are zero. Thus  is a low-frequency oscillation mode resulted from the interaction between the generator and control system of GSR.
6.1.2 Time-domain simulation
To validate the modal analysis results, the detailed model of PMSG-I is developed in the Matlab/Simulink, shown in Fig. A.1 in Appendix E. The oscillation modes are excited through implementing small disturbances (e.g. voltage and power disturbances). Through FFT and participation factor analysis, the oscillation modes obtained from modal analysis can also be observed from system variables, shown in Fig.8. Prony analysis results of the time domain simulation are also provided in Table 4.

          (a) FFT analysis of                    (b) FFT analysis of                   (c) FFT analysis of                        (d) FFT analysis of 
Fig. 8. FFT analysis of oscillation modes of PMSG-I
Table 4
Prony analysis result of , ,  and 







From the modal analysis, it is found that  and  are highly relevant to the inductor current and series compensation capacitor voltage of the transmission line. Through conducting FFT analysis on the transmission line current, the results are shown in Fig.8 (a). As shown in Fig.8 (a), except for the 50Hz fundamental component, the harmonic components are mainly in 70Hz and 38Hz, which matches 71.454Hz of  and 38.2284Hz of  respectively. 
From Table 3,  is found to be highly relevant to the voltage of the DC-link voltage and the control system of the VSI. Through conducting FFT analysis on the DC-link voltage, the results are shown in Fig.8 (b). In Fig.8 (b), except for the high dc component, the harmonic components are mainly in 8Hz, which is consistent with the 7.5657Hz of .
2	  SSO
From Table 3, it is found that  is dominated by the generator rotor. Through conducting FFT analysis on the generator torque, the results are shown in Fig.8 (c). Except for the dc component, the harmonic components are mainly about 1.9Hz, which is almost the same with 1.8703Hz of .
3	  Low-Frequency Oscillation
From Table 3, low-frequency oscillation mode  is highly relevant to , which is determined by the d-axis component of the stator current. Through conducting FFT analysis on the d-axis stator current , the results are shown in Fig.8 (d). The main harmonic is about 0.2Hz except for the dc component, which is consistent with that of .
6.2	Modal analysis of PMSG-II
6.2.1 Eigenvalues of PMSG-II
The eigenvalues of PMSG-II are obtained from , shown in Table 5. There are six oscillation modes in total and PMSG-II is stable after small disturbance because the real parts of all the eigenvalues are negative. 
Table 5
Eigenvalues of state matrix 













The participation factors for each oscillation mode are shown in Table 6. The bold participation factors mean the oscillation modes are highly sensitive to the corresponding state variables. The oscillation modes are also categorized into three types: SSCI, SSO, and low-frequency oscillation.
Table 6





















The oscillation frequency of  is 68.6345Hz and dominated by the x- and y-axis component of the inductor current of the transmission line (participation factor 0.69 and 0.732 respectively). The mode is also influenced by the x- and y-axis component of the voltage of the series compensation capacitor (participation factor 0.034 and 0.064 respectively). The DC-link voltage and immediate variable  of the control system of VSI are also relevant to the oscillation mode (participation factor 0.038 and 0.028 respectively).
The oscillation frequency of  is 38.332Hz, which is dominated by the x- and y-axis component of the voltage of the series compensation capacitor (participation factor 0.509 and 0.551 respectively). The x- and y-axis component of the inductor current of the transmission line, the DC-link voltage and immediate variable  of the control system of VSI are all relevant to the oscillation mode (participation factor 0.026, 0.079, 0.027 and 0.024 respectively).
The oscillation frequency of  is 7.5652Hz and dominated by DC-link voltage and immediate variable  of the control system of VSI (participation factor 0.469 and 0.47 respectively). The mode is also relevant to the x- and y-axis component of the inductor current of the transmission line and voltage of the series compensation capacitor (participation factor 0.053, 0.04, 0.022 and 0.026 respectively).
The three oscillation modes ,  and  are all SSCI modes, because they are relevant to both the control system of VSI and the electrical system. Compared to those of PMSG-I, they are quite similar to each other. This is because the topology of PMSG-I is almost the same with PMSG-II, except for the MPPT control in GSR of PMSG-II.
2	  SSO
The oscillation frequency of is 1.8705 Hz, which is dominated by the twist angle  and angular speed  of the generator rotor (participation factor 0.479 and 0.446 respectively). Twist angle  and angular speed  of the wind turbine, and the q-axis component of the stator flux linkage  are all relevant to the mode. The mode is almost the same with that of PMSG-I, and the damping ratio decreases from 0.003 to 0.0024. Thus, the MPPT control reduces the damping of the shaft system, which influences the stability of the system after small disturbance.
3	  Low-Frequency Oscillation
The oscillation frequency of  is 0.3656Hz and dominated by the d-axis component of the stator flux linkage and immediate variable  of the control system of VSI (participation factor both 0.5). Similar to that of PMSG-I, the participation factors of other state variables in this mode are zero.  is also a low-frequency oscillation mode resulted from the interaction between the generator and control system of GSR. Compared with that of PMSG-I, the oscillation frequency increases while damping ratio decreases apparently. The phenomenon indicates  is influenced a lot by the MPPT control, which may lose stability after small disturbance.
The oscillation frequency of  is 0.0339Hz, which is dominated by the twist angle  and angular speed  of the wind turbine (participation factor 0.928 and 0.963), twist angle  and angular speed  of the generator rotor (participation factor 0.943 and 0.106) and q-axis component of the stator flux linkage (participation factor 0.667). The oscillation mode is also dominated by the immediate variables  and  of the control system of the GSR. Thus  is a low-frequency oscillation mode resulted from the interaction between the shaft system and the control system after the power signal feedback control is implemented. The oscillation frequency is quite low and damping ratio rather high (0.9631), so the mode is stable after small disturbance.
6.2.2 Time-domain Simulation
To validate the modal analysis results, the detailed model of PMSG-II is developed in the Matlab/Simulink, whose topology is the same with Fig. A.1 in Appendix E. Because the oscillation frequency of  is so low and the mode is quite stable, the influence of the mode on the system stability is not studied further. FFT and Prony analysis results are shown in Fig.9 and Table 7.

(a) FFT analysis of                       (b) FFT analysis of                        (c) FFT analysis of                           (d) FFT analysis of 
Fig. 9. FFT analysis of oscillation modes of PMSG-II
Table 7
Prony analysis result of , ,  and 







From Table 6,  and  are found highly relevant to the inductor current and series compensation capacitor voltage of the transmission line. Through conducting FFT analysis on the transmission line current, the results are shown in Fig.9 (a). In Fig.9 (a), except for the fundamental 50Hz component, the harmonic components are mainly in 67Hz and 38Hz, which is consistent with 68.6345Hz of  and 38.332Hz of .
From modal analysis,  is found to be highly relevant to the DC-link voltage. Through conducting FFT analysis on the DC-link voltage, the results are shown in Fig.9 (b). Except for the dc component, there are also harmonic components in 8Hz, which is almost the same with the oscillation frequency of .
2	  SSO
Similar to PMSG-I,  is also dominated by the generator rotor. Through conducting FFT analysis on the generator torque, the results are shown in Fig.9 (c). From Fig.9 (c), it is found that except for the dc component, the harmonic components are mainly about 1.9Hz, which is almost the same with 1.8705Hz of .
3	  Low-Frequency Oscillation
Similar to PMSG-I, the low-frequency oscillation mode  is also analyzed through d-axis stator current . After conducting FFT analysis on , the results are shown in Fig.9 (d). As shown, the harmonic component is mainly 0.5Hz except for the dc component, which is consistent with  0.3656Hz of .
6.3	Modal Analysis of PMSG-III
6.3.1 Eigenvalues of PMSG-III
The eigenvalues of PMSG-III are calculated from , shown in Table 8. As seen, there are six oscillation modes and the system is stable after small disturbance for all eigenvalues have negative real parts. The oscillation frequency of  is 50Hz, which reflects the rated system frequency. The oscillation frequency of is low and damping ratio rather high, so the mode is rather stable after small disturbances. The two modes are neglected during the research. 
Table 8
Eigenvalues of state matrix 












The participation factors for each oscillation mode are shown in Table 9. Participation factors in bold mean the oscillation modes are highly sensitive to the corresponding state variables. Unlike the other two types of PMSGs, the oscillation modes of PMSG-III are categorized into two types: SSCI and SSO.
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The oscillation frequency of  is 59.9272Hz and dominated by the x- and y-axis component of the inductor current of the transmission line (participation factor 1.0433 and 1.573 respectively). The mode is also dominated by the x- and y-axis component of the voltage of the series compensation capacitor, and the DC-link voltage (participation factor 0.1394, 0.3094 and 0.3345 respectively). The immediate variable  of the control system of VSI is also relevant to the oscillation mode (participation factor 0.0041).
The oscillation frequency of  is 40.8733Hz and dominated by the x- and y-axis component of the inductor current of the transmission line, x- and y-axis component of the voltage of the series compensation capacitor and the DC-link voltage (participation factor 0.1934, 0.6366, 0.6286, 0.8384 and 0.1872 respectively). The mode is also relevant to the immediate variable  of the control system of VSI (participation factor 0.0049).
The oscillation frequency of  is 1.1878 Hz, which is dominated by the DC-link voltage and immediate variable  of the control system of VSI (participation factor 0.8518 and 0.8222 respectively). The mode is also influenced by the y-axis component of the inductor current of the transmission line (participation factor 0.032) and x-axis component of the voltage of the series compensation capacitor (participation factor 0.0123).
The three modes ,  and  are relevant to both the control system of VSI and the electrical system. Thus they are all SSCI modes. The SSCI modes of PMSG-III are quite different from those of the other two types of PMSGs after the topology is changed.
2	  SSO
The oscillation frequency of  is 1.9302Hz, which is dominated by the twist angle  and angular speed  of the generator rotor (participation factor 0.4528 and 0.4529 respectively). Twist angle  and angular speed  of the wind turbine are all relevant to the mode (participation factor both 0.0472). Compared with the SSO modes of the other two types of PMSGs, the oscillation frequency is higher, which results from the impact of different model connection in different topologies.
6.3.2 Time-domain Simulation
To validate the modal analysis results, the detailed model of PMSG-III is developed in the Matlab/Simulink, shown in Fig. A.2 in Appendix E. Through FFT and participation factor analysis, the oscillation modes obtained from modal analysis can be also observed from corresponding variables, shown in Fig.10. Prony analysis results are also provided in Table 10.

           (a) FFT analysis of                  (b) FFT analysis of                   (c) FFT analysis of 
Fig. 10. FFT analysis of oscillation modes of PMSG-III
Table 10
Prony analysis result of , ,  and 






From Table 9,  and  are highly relevant to the inductor current and series compensation capacitor voltage of the transmission line. Through conducting FFT analysis on the transmission line current, the results are shown in Fig.10 (a).  Except for the 50Hz fundamental component, the harmonic components are mainly 40Hz and 60Hz, which complies with the results of   and .
From modal analysis,  is highly relevant with the DC-link voltage. Through conducting FFT analysis on the DC-link voltage, the results are shown in Fig.10 (b). Except for the dc component, the harmonic components in Fig.10 (b) are mainly between 1-2Hz, which is consistent with the oscillation frequency of .
2	  SSO
Similar to the other two types of PMSGs,  is also dominated by the generator rotor. Through conducting FFT analysis on the generator torque, the results are shown in Fig.10 (c). From Fig.10 (c), it is found that except for the dc component, the harmonic components are mainly about 1.95Hz, which is almost the same with 1.9302Hz of .
6.4	Influence of different initial values 
Initial operation values and control system parameters are two important parameters affecting oscillation modes and their influence naturally need to be analyzed. However, space limitation should be considered because there are 12 control parameters for PMSG-I, 14 control parameters for PMSG-II and 12 control parameters for PMSG-III. A full analysis of control system parameters will take the very great length. In addition, initial operation values have a greater influence on the oscillation modes compared with control system parameters.
So, at first, the control parameters of the model are determined from wind-turbine makers. Then through linerising the small signal models of PMSGs at different initial operating points, the influence of different initial values on the oscillation modes can be studied correspondingly. During the research, the output power is varied from 0.05 p.u. to 1 p.u. to find the general law.
6.4.1 Influence of different initial values on PMSG-I
When the output power is varied from 0.05 p.u. to 1 p.u., the low-frequency oscillation mode is almost irrelevant with the initial values and thus only the variation of SSCI and SSO modes of PMSG-I is presented in Fig.11.

(a) Variation trend of                   (b) Variation trend of                     (c) Variation trend of                     (d) Variation trend of 
Fig. 11. Variation trend of SSCI and SSO modes with initial values of PMSG-I
In Fig.11 (a), both the oscillation frequency and damping ratio of  increase with the output power increasing. When the output power is 0.8 p.u. and 0.9 p.u., the oscillation frequency and damping ratio of  change suddenly. For in Fig.11 (b), the oscillation frequency of  increases while the damping ratio of  decreases with the output power increasing. Similar to , the oscillation frequency and damping ratio of  also change suddenly when the output power is 0.8 p.u. and 0.9 p.u.. In Fig.11 (c), when the output power is 0.05~0.25 p.u., the damping ratio of  is negative, which means the mode lose the stability. The oscillation frequency and damping ratio of  also change suddenly when the output power is 0.8 p.u. and 0.9 p.u.. When the output power is 0.9 p.u., the oscillation mode even becomes evanescent mode. At other output power values, both the oscillation frequency and damping ratio increases gradually with the increasing power. When the output power increases, the oscillation frequency decreases while the damping ratio increases for the SSO mode , as shown in Fig.11 (d).
6.4.2 Influence of different initial values on PMSG-II
When the output power is varied from 0.05 p.u. to 1 p.u., the low-frequency oscillation mode  is  almost  irrelevant 
with the initial values and thus only the variation of SSCI, SSO and low-frequency oscillation mode  of PMSG-II is presented in Fig.12.

(a) Variation trend of                      (b) Variation trend of                    (c) Variation trend of                      (d) Variation trend of 

       (e) Variation trend of 
Fig. 12. Variation trend of oscillation modes with initial values of PMSG-II
As shown in Fig.12, the variation trend of SSCI modes (i.e. ,  and ) of PMSG-II with initial values is similar to that of PMSG-I shown in Fig.11. Then the explanation of Fig.12 (a)-(c) is omitted here. In Fig.12 (d), the damping ratio of the SSO mode increases and the oscillation frequency decreases with the output power increasing. When PMSG-II is operated at the nominal state, the damping ratio of the SSO mode reaches the maximum. As for the low-frequency mode  in Fig.12 (e), the damping ratio increases with the output power increasing whereas the oscillation frequency increases first and then decreases. Thus, the mode is more stable when the output power is high. 
6.4.3 Influence of different initial values on PMSG-III
When the output power is varied from 0.05 p.u. to 1 p.u., the SSO mode is almost irrelevant with the initial values and thus only the variation trend of SSCI mode of PMSG-III is presented in Fig.13. 
  
    (a) Variation trend of                (b) Variation trend of                  (c) Variation trend of                     (d) Variation trend of 
Fig. 13. Variation trend of SSCI modes with initial values of PMSG-III
As shown in Fig.13, the initial values will influence both the oscillation frequencies and damping ratios of SSCI modes and even make them unstable. Compared to the other two types of PMSGs, the regular variation trend of the oscillation modes with the output power is also lost. In Fig.13 (a), when the output power ranges from 0.05 to 0.2 p.u.,  is in evanescent mode, where the damping ratio is negative and the mode is unstable.  is in the stable evanescent mode when the output power is  between 0.25 p.u. and 0.7 p.u.. When the output power is at 0.9 p.u.,  is in the unstable oscillation mode. When the output power is 0.05 p.u. and 0.9 p.u., the damping ratio of  is negative and the mode is unstable correspondingly, shown in Fig.13 (b). When the output power is 0.95 p.u.,  turns to the stable evanescent mode. Then, is in the stable oscillation modes, when the output power is at other values. In Fig.13 (c), when the output power is 0.2 p.u. and 0.9 p.u.,  is in the stable and unstable evanescent mode respectively. While  is in the unstable oscillation modes when the output power is 0.25 p.u. and 0.3 p.u.. When the output power is at other values,  is in the stable oscillation modes.
7.	Conclusions
In this paper, unified small-signal models are established for PMSG-based WTGS with different converter topologies. Based on the small-signal models through eigenvalue and modal analysis, the relation between different oscillation modes and system variables is extensively studied. From the demonstration, the conclusions are summarized as follows.
	For PMSG-based WTGS with back-to-back PWM converter, there are mainly SSCI, SSO and low-frequency oscillation modes even different control schemes are adopted for GSR. Whereas, there are only SSCI and SSO oscillation modes for PMSGs with DC boost converter systems. PMSG-III is found to be superior to PMSG-I/II in fewer oscillation modes.
	SSCI modes are rather severe in the three types of PMSGs. As for PMSG-I and PMSG-II, there are three oscillation modes in their SSCI mode, where the damping ratio of the 7.5 Hz mode is rather low and may be easily excited after small disturbances. There are also three oscillation modes in the SSCI mode of PMSG-III, and the damping ratio is relatively high. Thus, PMSG-III is also correspondingly more stable than other two types of PMSGs after small disturbances.
	In the three types of PMSGs, the initial values influence both oscillation frequencies and damping ratios. With variations of output power, a sudden change may happen to the oscillation modes at certain power points and even render the oscillation modes into evanescent modes. At the same time, the PMSGs may lose small signal stability when the damping ratio is negative at a certain power point.
	The proposed model is essentially derived from Lyapunov First Theory. It needs to model the whole system with perfect precision. All model parameters must be recognized from wind-turbine makers. Compared to Prony method, it takes longer calculating time. In addition, eigenvalue calculation of the system state matrix can be very complex when applied to wind farms, i.e., ‘curse of dimensionality’.
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Appendix C. Unknown submatrices in 
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Appendix D. Parameters of the PMSGs
Wind turbine: J1=6.2506×106 kg·m2, J2=6.511×105 kg·m2,  K12=8.6727×107 Nm/rad, D1=1.8 p.u., D2=0.8 p.u., D12=0.
PMSG: np=48, P=2MW, Ld=Lq=0.010052H, Rs=0.024Ω, ψPM=1.05 p.u..
Control parameters for converter system of PMSG-I: Kp1=5, Ki1=10; Kp2=2, Ki2=0.03; Kp3=0.05, Ki3=20; Kp4=6.5, Ki4=50; Kp5=0.04, Ki5=0.01; Kp6=20, Ki6=7.
Control parameters for converter system of PMSG-II: Kpm=0.2, Kim=0.3; Kp1=0.001, Ki1=0.01; Kp2=0.3, Ki2=70; Kp3=0.05, Ki3=20; Kp4=6.5, Ki4=50; Kp5=0.03, Ki5=0.01; Kp6=17, Ki6=4.
Control parameters for converter system of PMSG-III: Kp1=0.061, Ki1=0.0002; Kp2=0.6, Ki2=0.04; Kp3=27, Ki3=200; Kp4=30, Ki4=5; Kp5=100, Ki5=10; Kp6=10, Ki6=1.
Transmission line: RT=0.007p.u., XT=0.044 p.u., RL=0.8402 p.u., XL=8.402 p.u..
Appendix E. Detailed models of PMSGs

Fig. A.1 Detailed model of PMSG-I/II in Matlab/Simulink

Fig. A.2 Detailed model of PMSG-III in Matlab/Simulink
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